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Game plan for policy gradient lectures

Deterministic and stochastic/probabilistic control
o  Policy network and its parameters 0

Basic policy gradient method: REINFORCE
o Monte Carlo sampling to estimate gradient of expected return
o  Suffers from high variance — requires many samples

Baseline methods for reducing variance

o Based on control variates methods from Monte Carlo literature
o Use advantage in place of reward

o Actor-critic methods

Trust-region methods for improving stability and sample efficiency
o  Ensure updates to 0 are small
o Trust Region Policy Optimization (TRPO): KL-divergence
o Proximal Policy Optimization (PPO): bounding box around current values



Control variates
N

Monte Carlo Methods




Review: Monte Carlo Integration (l)

N-1 N-1
. 1 b—a . A 1
App(fiN)=(b-a)x ; flai)  where z; = o= xi Avo(fiN)=(b-a)x & Z% f(X;)  where X; ~ U(a,b)
=| 1=
average of f(z;) values average of f(X;) values
f(x) f(x)
X X
a X; Xz X X3 b
Reinterpret forward-Euler Monte Carlo integration (capital letters for random variables)
Generate x; values using arithmetic progression Generate X; values by sampling uniform distribution U(a,b)

Take average of f(x;) values and multiply by (b-a) Take average of f(X;) values and multiply by (b-a)



Review: Monte Carlo Integration (ll)

N-1
Aye(f;N) = (b—a) = % Zf(Xz) where X; ~ U(a,b)
i=0

— ——
average of f(X;) values

Unbiased estimator

N=100
B et =5 [ A sax [ s PO i
i~U(asb) N = pdf%/i’b] a M @Nﬂ
Jim Ayo(fiN) = ab f(x)dz| (Law of large numbers) Jmin — Fmax
(At = o) = 02D Convergence in probability

If f has high variance, need lots of samples to obtain accurate estimate



Baseline Functions for Reducing Variance

h(z) = @ - 9\@ +  Elg(z)]

function of interest easy to compute easy to compute

Distribution for expectations and variances: U~[0, 1]
E[g(x)] should be a good approximation for E[f(z)]
Special case of control variates in Monte Carlo literature

Intuition:

(i) E[h(x)] = E[f(2)]
(ii) E[g(x)] is computed analytically
(ii) E[f(x)—g(x)] provides correction to Elg(z)] and is estimated by sampling

[ (2)] = Elh(a) w(% > f<xi>—g<xi>) + Efg(z)]

Vatiance: o (h(z)) = 0(f(z)) + 0*(g(x)) — 2 Cov( (), g(x) 0 1 x
Win if Cov(f(z),g(z)) > 30%(g(z)) (f(z), g(z) are strongly correlated) U ~[0,1]
Note: variance can increase if g(z) is badly chosen!

g(x) is baseline for computing E[f(x)]



Optimal Baseline

hiz) = @ - @ + Ely(o)]

function of interest easy to compute easy to compute

Variance: 0*(h(z)) = 0*(f(z)) + 0*(g(x)) — 2% Cov(f(x), g(z))

Optimal baseline: g(z) that minimizes variance o2(h(z)), is easy to compute,
and whose expectation can be computed analytically!

Hard to solve in general but we may be able to find best function in set of
parameterized functions g(x; @) for use as baseline

Common baseline in policy gradients: constant
Paradox: variance of h(z) does not decrease if g(x)=constant!
Resolution to paradox: see later

Elg(x)]

U ~[0,1]

g(x) is a baseline for f(x)



Baselines
N

Policy Gradients




Key steps

Advantage ) Actor-critic method

A

Rewards-to-go formulation
Baselines for variance reduction

VeVO(S0) ~ i R(e)Vglog n° S0 .
V" (S0) [M] ZeeMw@( (€)Velogm (e)) Samples REINFORCE

M : multiset of samples (realizations of trajectories)

A

, Monte Carlo sampling
VP(S0)= E Q[R(T)] pad

T~

VoV?(S0) = E [R(1)Vglog 7l ()]

Tt

6 =0+nVeV9(S0)

Expectation T
SO

Trajectory formulation

V9(50) @Bellmaniterationw@




Review: policy gradient and REINFORCE

o % Ay
T @ -0 @ e —e
7UAGISO0)*P(S0,A0sS1)  79(A11S1)*P(S1,A1,S2)
T-1 T-1 T-1
= H 7T9(Az|SZ) k P(Sz, Ai, Si_|_1) == H 7r9(Az|SZ) % H P(Si,AZ', Sz’—l—l)
i=0 =0 =0 )
~o (r) P(r)
VO[S0] = Z p(T)R(1) (where R(7) = sum of (discounted) rewards on trajectory) REINFORCE algorithm: M is multiset of samples
Tt
f VeV(50) ~ ) ( e)Vglogn’(e ))
VoV'[S0 = Y Vap(r)+ R(r) = Y P(r)« Ver'(r) x R(r) = Y P(r) e (r) « W;T( (; )« R ‘M vt
o i o’ AT 0=0+nVeV(S0)
= Y () * Valog(x' (7)) % R(r) = E,ozs [Velog(x' (7)) ¢ R(r)
Tt Barto & Sutton REINFORCE:

- samples are episodes
- compute state valuations for all states




Review: example

Bellman: V(S0) = | p0x(r0 + (pl*rl + p2+r2)) SO

= p0x7r0 4+ pOxplxrl 4+ pOxp2xr2 1 p0,ro| T2

Trajectories:

p1,r1 p2,r2
V(S0) =| pOspl*(r0+rl) + pOxp2k(r0+r2)

= pO0xpl*xr0 4 pOxplxrl + pOxp2xr0 + pOxp2*xr2
= p0*r0x (pl4+p2) +p0xplsrl + pOxp2xr2
——
=1
= p0*7r0 4+ pOxpl*xrl + pOxp2xr2
VoV (50) = pOxplx (Vg log(p0 * pl)) * (r04rl) +p0xp2x (Vg log(p0 * p2)) * (r0+7r2)

A A g (. s \u

-~ -~ -~

Vglogm? (1) R(m1) Vglogm?(12) R(72)

0 « 0+ nV,V(S0)



Gradient of expected return: other formulations

Notation: 7[i, j] = segment of trajectory between steps i and j inclusive

ro rq ra
0 T.0—0—0—0

VoE. o [R(T)} = E,no[Volog(n® (1)) * R(r)] (1) Po P P
Y Vglogpo Vglogpr Viglogps

trajectory formulation

T—1 ro r, r2
= E .0 Z R(7[t,t])Velog WG(T[O,t])] (2) T. @— — @ —@
_ Do P1 D2
~ = ~ o Vologpy Velogp, Velogpo
rewards formulation
«— Io I rz
= Erno Z Vg log m (T[t7 t])R(T[ta T — 1]) (3) T. F 1 :k %.
t=0 Do b1 D2

A 7

Vologpy Velogpi Vglogpa

~
rewards—to—go formulation

Formulations (2) and (3) are obviously equivalent:
each reward is multiplied by log prob’s earlier in trajectory and summed



Proof: trajectory and rewards formulations equivalent

Grad-Log-Pi Lemma: K.+ [Vglog(z’(r))] = 0

Proof:
Y or)=1= Y Veplr)=0= Y Pr)¥en(r) =02 Y P(r)e’(r)Vslogln(r)) = 0

= B....+[Vglogn® ()] = 0

V0B [R(7)] = Ero [Volog(n”(r)) + R(7)]
trajectory ‘fformulation

= E’TNTFO

i R(7[t,1])Vglog 7’ ([0, t])]

t=0
. ~~ J/

rewards formulation

z_: R(7[t, 1)) Ve log 7 (r[t+1,T—-1))

t=0

N 7

+ ETNTI'G

=0




Example

Bellman: V(S0) = | p0x(r0 + (pl*rl + p2xr2))
= pO0*xr0 + pO*xplsrl + pOxp2xr2

Trajectory: V(S0)

VV(S0) =

= | pOxplx(rO0+rl) + pOxp2+(r0+r2)

SO

pO0,r0

p1,r1 p2,r2

= p0xplxr0 + pOxplxrl + pOxp2x1r0 + pOxp2xr2
= p0xr0x (pl14+p2) +p0xplsrl + pOxp2sxr2
—_——

=1

= p0*r0 4+ pOxpl*rl 4+ pOxp2xr2

pl+p2=1
Vpl+Vp2 =0

pOxplx(V log p0+V log pl)(r0+rl) + pOxp2x(V log p0+V log p2) (r0+1r2)

Reward formulation:

VV(50) = pOxplx

(r0xV log pO+7r1%(V log p0+V log pl)) |+ pOxp2x

Rewards-to-go formulation:

VV(S0) = pOxplx

((r0+r1)%V log p0+r1xV log pl))

(r0xV log pO+r2x(V log p0+V log p2))

+ p0xp2+ ((r0+7r2)*V log p0+r2xV log p2))




Sample gradient and variance

VIS0 = Y p(r)R(r)

TN7T9

VeV[S0) = Y Vop(r) ¥ R(r) = Y p(7) * Volog(n® (7)) * R(r) = E o[ Vilog(n’ (7)) x R(r) |

Trom? Trom?

sample gradient SGY(r)

Interpretation of VyV?[S0]: expectation of a random variable SGY (for
Sample Gradient) that takes value Vglog(w?(7)) * R(7) with probability
p(1) for 7 ~ 7°

Variance of SG?: assume 6 is scalar (otherwise we need covariance matrices)

a*(SG%) = ) p(r)* (Volog(n®(r)) * R(T))z—( Y p(7) * Volog(w® (7)) + R(T)>

79 Trf




Intuition for © updates in REINFORCE

(1)
¢ 0 NL € O7T0€
R0 VeV(SO) ~ E D (R( )V log ())

e€M~t
Update to gradient from sample e oc R(e)Vglog 7/ (e)
0 =0-+nVeV?(S0)

Claim: R(t) > 0: update to 6 makes T more probable
R(t) < 0 : update to 6 makes t less probable

Proof: Assume 6 is scalar; proof for vector 6 applies proof below dimension by

dimension. Assume R(7)>0, Vo7’ (7) > 0; proof for other cases is similar.
Vor? (1)>0 = Vylogn?(7)>0 = R(1) x Vg log n?(1)>0

= 7 samples push VyV?(S0) higher = 6 is pushed higher.

Since Vgr?(7)>0, this implies 7%(7) is pushed higher.



Inefficiency in REINFORCE

vgvf’(somﬁ > (R(e)Vglogﬂe(e))

e€EM~mb

Update to gradient from sample e o< R(e)Vy log 7°(e)
0 =0+nVeV?(S0)

R(z) > 0: trajectory becomes more probable
R(7) < 0 : trajectory becomes less probable

Gradient ascent should converge to @ that maximizes 79 r1)
However, whenever 72 is sampled, it pulls z?¢ to itself since R(72) > 0.
Result: @ updates are noisy, and convergence is slow.

Intuitively, REINFORCE has no memory of past samples except to extent they are incorporated implicitly into z¢



Intuitive idea of constant baseline

1
VoV?(50) ~ Wil Z (R(e)Ve log We(e))
| | e€EMr~mt
Update to gradient from sample e o< R(e)Vglog 7 (e)

0 =0+nVeV(S0)

R?r; > 0: trajectory becomes more probable
R(t) < 0 : trajectory becomes less probable

Idea: subtract a constant b(aseline) between 2 and 10 (say 5) from both rewards.

Now 12 has negative reward so it repels probabilities while t1 still attracts probabilities
Result: O updates are less noisy, and convergence is faster

Ifb>10or b <2, variance increases!

Question: is there an optimal baseline value for reducing variance of gradient estimates?

One guess: optimal b = (R, - £) Where gis some small constant (turns out to be wrong!)



Two main results (l)

VoVO[S0] = Y Vap(r)* R(r) = Y p(r) * Vglog(n®(7)) % R(r) = Errepo| Volog(n’(7)) x R(r) |

Trom? Trom?

sample gradient SGY(r)

(1) Introducing a constant baseline does not change VyV?[S0].
Proof:

E .o [V@lOg(TFQ(T))*(R(T)—b)] =E, 0 [V@log(ﬂ'e(T))*R(T)]—b* E .0 [Vglog(wo(T)Z | =E, 0 [V@log(ﬂ'e(T))*R(T)]

N

=0 from Grad-Log-Pi Lemma

Point: updates to 0 for gradient ascent do not change if we introduce a constant baseline.



Two main results (ll)

2

o2(SGY;b) = Z ,0(7')*<V9log(7r9(7')) x (R(T) —b)) —< Z p(7) % Vglog(n? (1)) *R(T))

Trom? T

(2) Differentiating o%(.) wrt b gives optimal baseline constant b*:

E [R(7)(Vologn®(7))?

b* . TNT(G

E [(Vologn®(r))?]

o

Optimal b is convex combination of trajectory rewards R(7)

Generalization to multiple parameters: one approach is to ignore off-diagonal
terms in covariance matrix and use different baseline values for each dimension of
gradient vector (intuitively, we minimize variance in each dimension separately)



Advantage

In practice, we use V(S) as baseline
e [t too is convex combination of Q values

e Intuition: V(S) is like class average in relative grading
e Advantage A(S,ai) = Q(S,ai) - V(S)

Intuition: using V(S) as a baseline adds “history-sensitivity” to
gradient updates. If we sampled better trajectories at S the
last few times we visited S, reduce gradient update from
current sample.

Some implementations approximate A(S,ai) by TD(0) error

A(S,ai) = 1(S,ai,S’) + yV(S)-V(S)

Approximation
to Q(S,ai)

A(S,ai) = Q(S,ai) - V(S)

Q(S,al)

@)

’




Actor-critic mechanism

Actor NN updates 0 by gradient ascent using V values estimated by the critic

Critic NN estimates V values which serve as baseline

TD error: 6; = Res1 + 7V (Se+1) — V(S:) Approximation to Advantage(S,A¢)

Critic update: w « w + @0: V., V(Si; w)
Actor update: 6 + 8 + aVylog my(A;|S;)d;

Algorithm 3 Actor-Critic Method
1: Initialize policy parameter § € R?

2: Initialize value function parameter w € R?
3: for each episode do

4:  for each step of the episode do

Take action A; according to wy

6: Observe reward R;;1 and next state S;.

7: 8t — Riy1 + YV (Ses1;w) — V(S;;w) ———> Calculate TD error
8: w w+a,6,V,V(S;w) —— Update the value function
9:

0« 6+aVylogmy(A]S)0: — ypdate policy parameters
10: end for

11: end for

state

>

Actor

Policy

Critic

TD error

Value

Function

/

reward

Environment

action



Sutton & Barto REINFORCE with Value Baseline

Algorithm 2 REINFORCE with Baseline
1: Initialize policy parameter § € R?
2: Initialize baseline parameter w € R¢
3: for each episode do

4:  Generate an episode Sy, Ag, Ry,...,S7, Ar, Rr41 following 7y

5: fort=0toT do

6: G; + zz:z ";‘k—tRk+1

7: 0y + Gy — V(S;;w) — > Calculate advantage

8: 6 « 8+ ar*6,Vglog me(Ai|S;) —— Update the policy parameter 8 using rewards (advantage)-to-go
9: w & w+ a4V, V(S;;w) —— Update the Value NN parameter w

10: end for
11: end for

From Sutton & Barto



Experiments

IO vy "y i L AT AR oty )
I e
-20+ { ‘”v\*\ i\
‘TW REINFORCE
Learning Rate for Policy Parameters (ag): 273 Totaﬁ%,ard o ‘f ~
on episode ’
averaged over 100 runs

60+ f

-80+ |
Learning Rate for Policy Parameters (ag): 277 90t ‘

1 200 400 600 800 1000

Learning Rate for Baseline Parameters (a,,): 27° REINFORCE vs REINFORCE with baseline

—— REINFORCE; alpha=0.0001220703125
REINFORCE with baseline; alpha=0.001953125

Baseline reduces variance, allowing
REINFORCE with baseline to converge faster.

~10

: /W/Mw//"”

0 200 400 600 800
Episode

Total reward on episode averaged over 100 runs




Key concepts covered in lecture

Control variate method for reducing variance in Monte Carlo sampling
o InRL, usually only constant baseline functions

Basic policy gradient method: REINFORCE

Trajectory formulation, rewards, rewards-to-go

Sample gradients

Monte Carlo sampling to estimate gradient of expected return
Suffers from high variance — requires many samples

O

O

O

O

Baseline functions for reducing variance: usually constant in RL
o  Optimal baseline
o Advantage: use state valuations as baselines
o Actor-critic mechanism
o Critic NN: estimates state valuations
o Actor NN: policy network, uses state valuations from actor to compute advantage



Other presentations: much more complex

Based on continuous state, continuous action MDP’s
o  Endup with double integrals instead of double summations

Continuous tasks instead of finite-horizon tasks
o Unbounded trajectories and infinite sums
o Need ideas like continuity

Start with trajectory formulation
o  Difficult to getintuition for rewards and rewards-to-go formulations

Assume start state can be any state, not a fixed state
o Need concepts like state occupancy distribution in Markov processes
o Easyto add to our narrative once simpler formulation is clear

Visualization
o Unrolled MDP for probabilistic policies
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Gradient of expected return: other formulations

ro Iy Iz .o o ry r2
T: 0—0—0—0 T.0—0—0—9
Po P D2 Pbo p1 D2
Vologpy Velogpi Velogps Vologpy Vglogp:s Vglogps

VoErno | B(7)| = o [Volog(n’ (7)) + R(7)]
trajectory ?ormulation

T-1 T-1
= ETwﬂ'e Z R(T[ta t])ve IOg ﬂﬁ (7[07 t]) + ]E'vaﬂ'e Z R(T[tv t])VG IOg ﬂ_e (T[t_l_l? T_l])
t=0 t=0

A 7 A 7

VvV VvV
rewards formulation Prove this is =0



Gradient of expected return: other formulations

T-1 T-1 ro r ry
VoK, ro [R(T)} = E oo Kz; 7“,5> : (Z Vglogwg(AtSt))] (1) T.:0—0—0—0

—0 Po P1 b2
Velogpy Vglogpi Vglogps

~
trajectory formulation

T-1 t a0 rv o 12
—E, . [Z <rtzv9 1ogw9<A;st/>>] 2) Te———0——0
- =0 N =0 5 Vologpo Valogpr Vglogps
rewards formulation
T-1 T-1 Io rq ra
— {Z (velogwﬁmtst) (Z))] (3 Te————8——9
N =0 v ’ Vologpo Vglogpr Velogps

~
rewards—to—go formulation

Formulations (2) and (3) are obviously equivalent:
each reward is multiplied by log prob’s earlier in trajectory and summed



